This paper presents the results of finite element (FE) analyses of shear strain localization that occurred in cohesionless soils supported by a geosynthetic-reinforced retaining wall. The innovative aspects of the analyses include capturing of the localized deformation and the accompanying collapse mechanism using a recently developed embedded strong discontinuity model. The case study analysed, reported in previous publications, consists of a 3.5-m tall, full-scale reinforced wall model deforming in plane strain and loaded by surcharge at the surface to failure. Results of the analysis suggest strain localization developing from the toe of the wall and propagating upward to the ground surface, forming a curved failure surface. This is in agreement with a well-documented failure mechanism experienced by the physical wall model showing internal failure surfaces developing behind the wall as a result of the surface loading. Important features of the analyses include mesh sensitivity studies and a comparison of the localization properties predicted by different pre-localization constitutive models, including a family of three-invariant elastoplastic constitutive models appropriate for frictional/dilatant materials. Results of the analysis demonstrate the potential of the enhanced FE method for capturing a collapse mechanism characterized by the presence of a failure, or slip, surface through earthen materials.
INTRODUCTION
Strain localization is now generally recognized as a major factor governing the overall response of structures at or near failure. In geomaterials, it occurs under various stress conditions, from the simple case of uniaxial compression of cylindrical soil and rock specimens, to behaviour as complex as subsurface geologic faulting capable of triggering large earthquakes. Over the last few years research on this topic has grown at a very rapid pace both in the laboratory testing aspect as well as in the development of theoretical models and numerical algorithms [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Strain localization manifests itself in the form of a shear band, a narrow zone of intense straining. It is now generally recognized that the intense deformation in the shear bands is primarily responsible for the accelerated softening response exhibited by most structures at postpeak strength. Strain localization is caused by the imperfections inherent in the medium, the boundary constraints, and non-uniform loading conditions. An ideal solution would capture all of these imperfections and irregularities in the mathematical model, but this may not be possible since these defects and irregularities are usually unknown to the analyst. An alternative approach would be to treat this problem as material instability and determine conditions under which the governing equations of equilibrium could admit more than one solution. This latter approach is pursued in this paper.
A numerical model has been developed fairly recently that accommodates localized deformation in a finite element (FE) analysis. The model is based on an embedded strong discontinuity approach [15] [16] [17] [18] and allows accurate resolution of the shear band even with a relatively coarse mesh. The term 'strong discontinuity' refers to a particular regularization procedure in which the shear band thickness is assumed to be zero, thus circumventing the issue of length scale in FE analysis. In most geotechnical applications, this is a reasonable assumption since the typical thickness of the shear band is many orders of magnitude smaller than the dimensions of the structure. Furthermore, the embedded discontinuity approach allows the steep gradients across the shear band to be captured accurately by the FE solution without having to severely refine the mesh. The embedded discontinuity approach has been used in Reference [19] to study strain localization in rocks, and in Reference [20] to investigate the propagation of shear bands behind a rigid retaining wall.
In this paper, we demonstrate the capability of the embedded strong discontinuity approach to capture the collapse mechanism behind a geosynthetic-reinforced soil (GRS) wall. The particular case study analysed in this paper involves a 3.5-m tall full-scale GRS wall model deforming in plane strain and loaded by surface surcharge to failure. Details of the full-scale model and experiments are presented in Reference [21] . Important factors that have led to the selection of this particular experiment as a benchmark test for the strain localization model included the fact that: (a) it is a full-scale test, which is preferred to a smallscale test; (b) the experimental conditions are very close to plane strain, the condition for which the strain localization model has been implemented; (c) a distinct failure surface developed during testing; (d) the facing is continuous, which is preferred to a segmental facing for model simplicity; (e) relevant material parameters and model dimensions are available; (f) the boundary conditions are clearly defined, including the extent of the soil backfill and (g) measurements of all relevant parameters, such as the applied loads, deformations, forces, pressures, strains and geometry of the failure surface are complete and accurate.
Other important elements of the analysis include an accurate representation of the interaction between the geosynthetics and the surrounding soil. Furthermore, a combination of loadcontrolled and displacement-controlled numerical simulation is used to advance the solution near the global collapse state, where the tangent operator is nearly singular. The numerical results clearly demonstrate the shortcomings of standard FE solutions in capturing the collapse mechanism and the post-localization responses, and underscore the key role played by the embedded strong discontinuity approach in the FE modelling of the intense deformation occurring in the soils behind the test wall.
The notations and symbols used throughout this paper are as follows: bold-face letters denote matrices and vectors; the symbol 'Á' denotes an inner product of two vectors (e.g. 
FE METHOD WITH EMBEDDED DISCONTINUITY
The objective of the embedded discontinuity approach in FE modelling of localized deformation is to resolve the steep displacement gradients across the shear band without resorting to severe mesh refinement. This is accomplished by embedding a discontinuity into the finite elements in the form of strain enhancements that reflect the characteristics of the localized region, such as the shear band orientation and the constitutive properties of the material inside the localization zone. The embedded discontinuity can be a layer of finite thickness (called weak discontinuity [8] ), or a layer of zero thickness (called strong discontinuity [1] ), that is added to the standard FE interpolation to capture the steep displacement gradients that otherwise would not be resolved by the conventional FE interpolation. Embedding a layer of zero thickness into the FE interpolation generally leads to a simpler and more efficient implementation, and hence is used in the present studies.
The calculations proceed as follows. In the beginning of the analysis where the stress level is low, the structure is assumed to deform homogeneously and the conventional FE modelling is used. However, when the stress level becomes high enough, the structural response could bifurcate to a localized mode. The bifurcation point is determined from a local stability analysis, point-by-point (in FE calculations, the stability analysis is done at the Gauss point level). Issues pertaining to localization to planar bands are discussed in Reference [22] within the context of finite deformation. In this paper, we use the infinitesimal formulation of the strong discontinuity theory. Once the condition for the onset of localization has been established, the FE interpolation may be enhanced to capture the localized deformation mode.
The bifurcation analysis entails the solution of an eigenvalue problem which gives the orientation of the shear band. This orientation is used by the FE model to characterize the discontinuity that is subsequently embedded into the FE interpolation. In addition, the constitutive properties of the shear band are also prescribed for the localizing elements. Note that the shear band properties may be entirely different from the properties of the intact continuum. In the model the shear band properties are represented by the mobilized cohesion c S and the mobilized friction angle f S on the surface of discontinuity. Figure 1 illustrates why the standard FE approximation fails to characterize the effect of strain localization. When a narrow shear band forms across the element, the resulting displacements are restricted by the requirement that the elements conform with the deformation. Consequently, unless the element sides are oriented in the direction of the shear band and the element thickness is in the same order of magnitude as the thickness of the shear band, the predicted movements will be inaccurate because the elements are unable to capture the strain localization effects. However, by embedding a discontinuity in the elements the capability of the FE method to resolve the intense deformation inside the shear band is greatly enhanced.
MOTIVATIONS FOR ADVANCED FE ANALYSIS OF GRS WALLS
The rapid deployment of geosynthetic technologies has raised new issues in foundation performance that are not fully addressed by conventional FE solutions, including the problem of strain localization. Accordingly, we have selected a common geosynthetic application as a preliminary test for the proposed strain localization model. In urban areas, GRS walls offer the promise of near vertical grade changes in confined areas at very low cost and are accordingly attractive to land developers where land costs are at a premium. For example, recently proposed projects in Los Angeles feature GRS walls up to 11 m high embedded within 2:1 slopes and supporting apartment buildings and associated urban infrastructure. Building codes applicable to such retaining facilities are immature or absent, though current proposals advanced by trade associations attempt to apply the same limit equilibrium methods used in determination of slope stability analysis [23] . This encourages proposals for increasingly high walls which (it is argued) can be deemed safe because they have high static safety factors.
As in routine foundation design practice, traditional elastic or FE estimates of ground deformation may suffice in some GRS walls to provide a comparison with the empirical settlement guidelines for conventional structures such as housing [24] . Similarly, complications arising from development of ground rupture (i.e., strain localization before full failure) may be avoided by requiring high factors of safety. However, given the trend toward scaling up of GRS walls using relatively low safety factors, it becomes important to realistically anticipate the style as well as increasing magnitude of ground response, particularly where the walls are intended to support structures.
Current research trends in the deformation analysis of GRS walls involve the use of the standard FE method backed in some degree by physical modelling in the laboratory [21, . Physical models provide a well-defined FE problem and reduce uncertainties that would otherwise be present in the field, such as those associated with boundary conditions and threedimensional effects. However, none of the FE models advanced thus far in the literature has captured the strain localization effects and the accompanying collapse mechanisms that occurred behind most of the GRS walls tested. Furthermore, there is a great danger with using commercial FE codes employing standard displacement interpolation to infer the behaviour of the structure at or near failure. In the first place, spurious mesh sensitivities are known to afflict the standard FE solutions near the collapse regime, thus rendering the results of the analysis of little value. The GRS wall used as a benchmark test for the strain localization model is reported in [21] and shown in Figure 2 . The setup involved a 6:0 m long by 2:4 m wide and 3:6 m high caisson with rigid low friction lateral walls and a rough concrete slab bottom; the wall facings consisted of a well instrumented, full height, aluminum central panel 1 m wide and two 0:7 m wide edge panels. The central and edge panels were mounted on a leveling pad representing a strip footing and used in field applications to support and align the facing units. The panels were pinned at the base and supported by external props until the full depth of the soil behind the wall has been placed and compacted. The reinforcement consisted of four layers of 3 m long Tensar Geogrid SS1. The backfill material was a uniformly graded sand with some fine gravel placed and compacted in 125 mm lifts. Surcharge load was applied by airbags on the full 2:4 m Â 6 m surface of the backfill by increments of 10 kPa lasting approximately 100 h each. The boundary conditions permit a plane strain characterization of the boundary-value problem.
During the 80 kPa loading episode, failure was observed to initiate in the reinforced soil mass. Inspection revealed a failure scarp in the soil approximately 1 m behind the head of the wall; the surface of the faulted soil mass was observed to have dropped approximately 65 mm: Careful excavation of the backfill revealed an internal failure surface and a ruptured upper layer of geogrid at the connection with the facing. The failure surface had a shape of a log-spiral approximated by a Rankine wedge passing through the toe with corresponding parameters c ¼ 0 and f ¼ 538:
PRE-LOCALIZATION ELASTOPLASTIC CONSTITUTIVE MODELS
Pre-localization constitutive models describe the mechanical response of a material in the regime of homogeneous deformation. In the context of the present study, the material of interest is a relatively homogeneous cohesionless sand backfill characterized by a friction angle f and a dilatancy angle c; where f5c to ensure a nonnegative plastic dissipation [46] . Pre-localization constitutive models only describe the mechanical response of a material prior to the onset of strain localization. However, they are also used to detect bifurcation, or the loss of uniqueness in the solution of the governing boundary-value problem.
In the following we describe candidate plasticity models used to represent the behaviour of cohesionless sands in the regime of homogeneous deformation. We compare the deformation and localization properties of these constitutive models, and then select an appropriate model for the strain localization analysis of the GRS wall case study. Note that all of these plasticity models are smooth versions of the Mohr-Coulomb plasticity model. The latter model is easier to implement in a two-dimensional problem, but is tricky and unwieldy to implement in a threedimensional setting because of corner effects. There was not any documentation on the hardening/softening properties of the sand backfill reported in Reference [21] , and so in this paper we shall simply assume perfect plasticity in the constitutive responses.
Model 1. Drucker-Prager (DP) model
A cohesionless Drucker-Prager plasticity model [47] is described by a yield function F and a plastic potential function Q of the form:
where
; s 2 and s 3 are the principal stresses, and the continuum mechanics convention is used. The surface of this two-invariant model defines a right circular cone centered about the hydrostatic axis and passing through the stress space origin, see Figure 3 . The parameters b and b are related to the friction and dilatancy angles f and c via [48] b ¼ 1 ffiffi ffi
where the negative (positive) sign in the denominator pertains to the case where the circular cone passes through the compression (tension) corners of the Mohr-Coulomb yield surface.
Model 2. Lade-Duncan model
The Lade-Duncan (LD) model [49] is described by yield and plastic potential functions of the form:
is the third stress invariant. Although the yield surface depends only on I 1 and I 3 ; it also may be written in terms of all three stress invariants, and hence, the LD model may be classified as a three-invariant model. The surface defines a cone similar to the cohesionless DP yield surface except that the cross section is not circular but more closely approximates the Mohr-Coulomb yield surface, see Figure 3 . The parameters k 1 and k 2 are related to the friction and dilatancy angles via [48] 
where the negative (positive) sign in the plus-or-minus symbols pertains to the case where the cone passes through the compression (tension) corners of the Mohr-Coulomb yield surface. In order for the LD yield surface to contain the hydrostatic axis, k 1 527 (which is effectively the same as restricting f to be greater than or equal to zero). 
Model 3. Matsuoka-Nakai model
The Matsuoka-Nakai (MN) model [50] is described by yield and plastic potential functions of the form:
is the second stress invariant. The surface of this three-invariant model defines a cone similar to the cohesionless DP and LD yield surfaces but the cross-section now passes through all the compression and tension corners of the Mohr-Coulomb yield surface, see Figure 3 . The parameters % k k 1 and % k k 2 are related to the friction and dilatancy angles via [48]
The restriction f50 is equivalent to the condition % k k 1 59: An implicit integration of the Drucker-Prager model (or any two-invariant plasticity model for that matter) is well known and is usually carried out by a return mapping in the space defined by the first and second stress invariants. For two-invariant plasticity models with nonlinear hyperelasticity, implicit integration may be carried out just as conveniently by a return mapping in the space defined by the first and second strain invariants [52, 53] . Although theoretically a return mapping may be performed in the space defined by all three stress invariants, the third stress invariant has a complicated form in a general six-dimensional stress space and its derivatives are unwieldy to extract. In the comparison of the different constitutive models, we thus utilize a recently proposed technique based on a return mapping in principal stress directions advocated in References [51, 54] for the stress-point integration of the constitutive models capable of accommodating the third stress invariant. As shown in Reference [51] , this numerical technique can also handle the curving (or 'flattening') effect of the yield surface with increasing confining pressure [55] , although this feature is not utilized in the present numerical simulations.
CONDITION FOR LOCALIZATION
The criterion for the onset of strain localization in the form of a planar shear band is given by (see Reference [56] )
where A is the elastoplastic acoustic tensor with components
c ep is the elastoplastic constitutive operator, and n is the unit normal vector to the shear band. In the case of perfect plasticity, this condition also holds for strong discontinuity localization based on the notion of a bounded traction rate [57] . For plane strain localization it is possible to extract a closed-form solution to (10) with the Drucker-Prager model, see Reference [58] . However, such analytical solutions are currently not available for the aforementioned three-invariant plasticity models, and so to detect the bifurcation point we simply evaluate the determinants numerically for every stress state and for every possible shear band orientation n:
The elastoplastic constitutive operator takes the familiar form:
where f ¼ @F=@r; q ¼ @Q=@r; and H is the plastic modulus (equal to zero in the present case).
Although the above form is standard, it leads to an awkward evaluation of c ep when combined with the return mapping algorithm in principal stress space for the three-invariant models. An alternative expression for c ep is given in spectral form as follows [48, 51] : are the spectral directions, and n ðAÞ is the unit principal direction. The first term of (13) describes the material response in principal axes, in which
and
where a e IJ represents the elasticity matrix in principal axes. The second term represents the spin of the principal axes [59] and depends solely on the current state of deformation of the material.
The rationale for presenting the above spectral form of the elastoplastic constitutive operator is that the Newton-Raphson method already utilizes this form to evaluate the global tangent operator for the iterative solution of the nonlinear equations, the only difference being that the algorithmic tangent matrix a AB is used in the iterative solution rather than the constitutive tangent matrix a ep AB : Therefore, instead of evaluating the entire constitutive operator c ep anew from the more standard form (12) , one only needs to assemble the elastoplastic matrix a ep AB in (15) and use it in (13) . Alternately, since it is known that the algorithmic matrix a AB approaches the elastoplastic constitutive matrix a ep AB for small load steps, the algorithmic tangent constitutive tensor itself may be used to evaluate the acoustic tensor A for purposes of detecting bifurcation.
The resulting acoustic tensor takes the form
where a A ¼ n Á n ðAÞ is the direction cosine of the angle between the shear band orientation vector n and the unit eigendirection n ðAÞ : In the examples that follow, the principal stresses s A and corresponding eigenvectors n ðAÞ were evaluated iteratively using the IMSL subroutines EVLSF/ DEVLSF in Fortran PowerStation 90, see Reference [51] .
LOCALIZATION PROPERTIES OF SAND BACKFILL
The objective of this section is to compare the localization properties of the cohesionless sand backfill as predicted by the constitutive models of the preceding section. The soil backfill used in the subject test wall consisted of a uniformly graded sand with some fine gravel. This material had highly angular particles contributing to a high friction angle. Prior to strain localization, the soil was noted in Reference [21] to have a friction angle of f ¼ 538 and a dilation angle of c ¼ 158; additional parameters used in Reference [21] included a Young's modulus of E ¼ 35 MPa (approximated from References [26, 60] ) and Poisson's ratio n ¼ 0:3 (this value varied during the experiment). The value of Young's modulus is believed to be representative of the averaged stiffness of the soil backfill over the expected range of confining stresses, and is obtained from the averaged initial tangent modulus of the stress-strain curves reported in Reference [27] .
The above friction and dilation angles lead to the following DP parameters: b ¼ 1:26 and b ¼ 0:33 for yield/plastic potential surfaces passing through the compression corners, and b ¼ 0:73 and b ¼ 0:28 if passing through the tension corners; LD parameters: k 1 ¼ 133:3 and k 2 ¼ 29:9 if passing through the compression corners, and k 1 ¼ 85:6 and k 2 ¼ 29:6 if passing through the tension corners; and MN parameters: % k k 1 ¼ 23:2 and % k k 2 ¼ 9:6: Strictly speaking, the above friction angle corresponds to failure and not to initial yielding since soils are known to yield right at the onset of loading and thus the true yield friction angle should be very small. Nevertheless, collapse and near-collapse conditions are commonly analysed in practice with the assumption of failure being equivalent to yielding. When combined with a shear band-type stability analysis, however, the assumption that failure is equivalent to yielding may result in some fundamental inconsistencies as elaborated below.
As an illustration we consider a square soil element deforming in plane strain and initially subjected to in-plane normal stresses s 1 ¼ s 3 ¼ À20 kPa; and an out-of-plane normal stress s 2 ¼ nðs 1 þ s 3 Þ ¼ À12 kPa (continuum mechanics convention is used for normal stresses), see Figure 4 . The horizontal normal stress s 3 is held fixed while the magnitude of the vertical compressive stress s 1 is increased. These stress state and stress path are typical of those experienced by soil elements in the backfill, in which the increase in the vertical compressive stress represents the surcharge loading effect. As shown in Figure 4 the initial stress point does not coincide with the hydrostatic axis, and the stress path tends toward a point near the s 1 -compressive corner of the Mohr-Coulomb yield surface.
With a known stress path it is possible to determine analytically the stress points at which the different yield surfaces are initially engaged. For the above stress path the sequence of yield surface activation has been observed to be as follows (see Figure 4) : DP(T), MC, LD(T), MN, LD(C), and DP(C), where the modifiers (T) and (C) denote tension and compression corner approximations, respectively. Note that the DP(C) yield surface circumscribes all of the yield surfaces, but the DP(T) surface is not fully inscribed in the MC yield surface due to the presence of corners. The MC yield stress is calculated from the standard formula s 1 ¼ ½ð1 þ sin fÞ=ð1 À sin fÞs 3 ; which is not a function of s 2 : Note that the outer Drucker-Prager approximation DP(C) did not allow the soil element to yield because the cone opens up too fast toward the compressive side of the hydrostatic axis that for the given value of Poisson's ratio the elastic stress could not catch up with it. ðCÞ ¼ compression corner approximation. Figure 5 shows the variation of the localization functions (i.e., the determinants of the acoustic tensor) with the shear band orientation y measured from the horizontal axis at initial contact points for the LD(C), MN, and the LD(T) yield criteria. Note that the calculated localization functions are already negative at some shear band orientation angles when the material was only beginning to yield. Since a negative localization function suggests potential material instability (the tangent constitutive tensor is no longer positive-definite), it would be inappropriate to use the LD or MN yield criteria in combination with the failure friction angle for modelling the pre-localization constitutive behaviour of the backfill sands as these models define elastic regions that extend beyond the boundaries of the 'stable' region. Note that the stable region in this case depends not only on the friction angle but also on the dilation angle of the material at the initial yield point. Figure 6 plots the localization function versus the angle y for the DP(T) approximation and shows that at initial yield ðs 1 ¼ À78 kPaÞ the determinant of the acoustic tensor is still positive for all possible shear band angles. With increasing compressive stress the determinant vanishes for the first time at a vertical stress of about s 1 ¼ À138 kPa at two possible angles, 318 and 1498; corresponding to a shear band oriented at AE598 relative to the axis of the minimum principal compressive stress s 3 : This shear band angle (i.e. 598) is closer to that predicted by the approximate expression ½458 þ ðf þ cÞ=4 ¼ 628; than to those predicted by either the expression ð458 þ f=2Þ ¼ 71:58 or the expression ð458 þ c=2Þ ¼ 52:58; see Reference [61] for a discussion of these approximate formulas. The localization stress of s 1 ¼ À138 kPa is also lower than any of the initial yield stresses predicted by the other yield criteria (see Figure 4) , and well explains why the calculated tangent constitutive tensors were not positive-definite for these other yield criteria even though the material was just beginning to yield.
While more stress probes may be desirable to ensure that the elastic region defined by the DP(T) yield surface completely lies within the stable region, it appears that the stress state and stress path tested herein are representative enough of those expected in the sand backfill. Hence, we select the DP(T) yield criterion to represent the soil pre-localization constitutive responses in the FE simulation of the subject GRS test wall.
SPECIFICATIONS OF FE MODEL
Three different FE meshes were used in the simulations, shown in Figure 7 . Mesh 1 has 142 nodes, mesh 2 has 314, and mesh 3 has 858 nodes. Table I summarizes the features of all three meshes. Two types of elements also have been introduced: linear quadrilateral elements to model the wall and wall-soil interface, and constant strain triangular (CST) elements to model the sand backfill. The geogrids are modelled as axially loaded elements with a linear displacement interpolation similar to those used in Reference [37] . In principle, pullout of the geogrid from the soil must also be modelled, but for the present case study any significant pullout displacement is unlikely. This is because the biaxial geogrid has been oriented in such a way that its weak direction coincides with the direction of loading so that it would rupture first before it pulls out from the soil. Indeed, the topmost geogrid ruptured at the conclusion of the last loading episode and did not pull out [21] . Figure 8 shows a perspective view of the wall-geogrid setup and demonstrates that the soil is continuous through and across a significant area on the plane of the geogrid. The total pullout resistance is the sum of the frictional resistance generated on the contact area between the two materials, as well as from passive bearing resistance of the soil in front of the transverse segments of the geogrid. Because this total pullout resistance is greater than the rupture strength of the geogrid, we assumed that the relative slippage between the soil and geogrid was negligible.
Factors affecting the experiment include the method of construction and type of wall facing. Two types of walls have been tested in Reference [21] . The first wall consisted of four rows of panels and put in place in several stages, designated as an incremental panel wall. The second type of wall consisted of three columns bolted together and set up as a whole, designated as a full-height panel wall. The backfill was put in place in several steps to facilitate compaction. During this construction stage, the wall was supported externally since the base support allowed for wall rotations. Then, after the geogrid and soil have been set up, and just before surcharging, the external supports to the wall were removed. Our numerical simulation did not attempt to replicate all of the complex stages of construction mentioned above. Instead, we simply assumed that the wall, geogrid, and the soil were already in place, and comparisons were made only to data from the full-height panel wall experiment. The simulation proceeded as follows. First, a gravity load corresponding to a soil unit weight of g ¼ 17:5 kN=m 3 was turned on, vertically compressing the soil elements behind the wall and causing the geogrids to move along with the soil. Since the geogrids were firmly attached to the wall, they sagged more behind the wall. This expected deviation of geogrids from perfect alignment was captured by updating the nodal coordinates of the mesh after the gravity loading phase and using these new coordinates in subsequent analysis. After the initial condition has been established, surcharge loads were applied on the ground surface in the form of equivalent nodal forces. During this stage the retaining wall deflected laterally, stretching the soil behind it as well as the geosynthetic reinforcements embedded in the soil. The wall deflection reflects a rotational mechanism about the toe since the bottom of the wall is pinned to the base support. The structural response can be conveniently reported in the form of horizontal wall deflection as a function of intensity of surcharge.
A critical component of the FE model is an interface layer between the soil and the back face of the wall. In the simulations we used a friction angle of f sw ¼ 208 for the soil-wall interface as suggested in Reference [37] . The soil-wall interface layer was modelled using continuum elements with a DP frictional parameter of b ¼ 0:10 and zero dilation angle. The interface elements simply allow the soil to move tangentially relative to the wall (without dilation) once the threshold friction angle value has been reached. Since this interface layer is so thin and is subjected to horizontal compressive normal stresses, a value of Poisson's ratio close to 0.5 has been specified so that it would become incompressible and thus prevent the wall and soil elements from overlapping. Potential numerical problems associated with mesh locking for incompressible FE applications were avoided by using the B-bar method [62] for the interface elements.
As noted earlier, a Tensar SS1 geogrid was used for the reinforcements and has been chosen so that the reinforcement would fail under the current surcharge loads. Stiffness properties of this geogrid typically vary with elongational strains. Manufacturers literature reported a gross elastic stiffness of about 204 kN=m in the weak direction and 292 kN=m in the strong direction, both measured at 2% strain [21] . Part of the FE analysis deals with the investigation of the effect of the geogrid stiffness on the horizontal wall deflection.
A unique feature of the present work is the localization analysis that renders the boundaryvalue problem well-posed at all times. As noted in the preceding section, a standard FE analysis in the unstable regime creates spurious mesh sensitivities due to the loss of ellipticity of the field equations. Thus, once an element localizes its displacement interpolation is enhanced by embedding a discontinuity to resolve the steep gradient across the band. As noted in Reference [22] , the enhancement may be either in the form of an embedded continuum or an embedded slip plane, and in this work we embed a slip plane. The post-localized constitutive response on the slip plane is then given by the new yield function
where m is the unit vector in the direction of the instantaneous velocity jump, and f S and c S are, respectively, the mobilized friction angle and cohesion on the surface of discontinuity. At post-localization a mobilized friction angle of f S ¼ 458 is used, estimated from residual values obtained from direct shear tests and consolidated-drained triaxial tests [27] . The residual Figure 9 . Mesh sensitivity studies. Predictions assume geogrids are stretched in weak direction. mobilized cohesion is c S ¼ 0; but the 'transient' value may be initially non-zero to provide a smooth transition from the pre-localized yield function F: In other words, if r n denotes the stresses at the bifurcation point such that Fðr n Þ ¼ 0; then c S ¼ ðn lÞ : r n > 0 defines the initial value of the cohesion on the interface so that Gðr n Þ ¼ 0 also at the bifurcation point (for consistency). The parameter c S may then be made to gradually decay to zero with continued plastic activation of the band according to an assumed softening parameter H d ¼ À100 kPa: Note that the softening parameter simply reflects the rate at which the apparent cohesion on the band goes to zero, and does not affect the final residual response, see References [15] [16] [17] [18] [19] [20] [21] [22] .
MESH SENSITIVITY STUDIES
In this section we compare the predictions of the three FE meshes shown in Figure 7 and demonstrate convergence of the FE solutions with mesh refinement. From the same initial stress condition induced by the weight of the backfill soil, vertical surcharge loads in the form of equivalent nodal forces were applied on the ground surface in Dq ¼ 4 kPa loading increments. The horizontal deflections resulting from these incremental loads are plotted in Figures 9 and  10 , assuming the geogrids were oriented in the weak (true) and strong (hypothetical) directions, respectively. Also shown in Figures 9 and 10 are the stages in the solution where localization was first detected in each of the meshes (localization was first detected in the elements nearest to the pinned base of the wall). In all the runs the retaining wall was assumed to be rigid but can rotate freely about the pinned base.
The plots shown in Figures 9 and 10 demonstrate the expected trend that the finer mesh predicts a 'softer' behaviour because it is able to resolve the deformation pattern more accurately. However, between mesh 2 and mesh 3 the difference in the stiffness responses may be considered small. Note that this slight mesh dependency of the solution is associated with the standard FE interpolation and not a consequence of the embedded discontinuity approach. Also note that coarser meshes failed to provide convergent solutions at earlier stages of loading since a larger finite element does entail a longer displacement discontinuity to be embedded each time a new localizing element is enhanced, which in turn influences the rate at which the shear band propagation is effectively captured by the mesh [20] . Note that the numerical model tends to overpredict the lateral wall deflections; this may be due to the test facility sidewalls contributing a small fraction to the total active force that would otherwise act in a true plane strain condition [21] .
Mesh 3 (finest) failed to converge beyond a surcharge pressure intensity of q ¼ 72 kPa in both runs shown in Figures 9 and 10 . This is due to the tangent operator becoming nearly singular as the solution gets closer to the peak load, making it more difficult for the Newton iterations to converge. We have devised an artificial numerical strategy using a combined load-displacement control in an attempt to advance the solution further beyond the last convergent load step (and thus also show that the lack of convergence was not only numerical in nature but in fact is related to the physical instability occurring in the structure). The technique is to introduce a fictitious horizontal roller support at the top of the wall while applying the next incremental surcharge load, then move the fictitious roller support away from the wall to such a distance that the roller reaction produced from the previous load step vanishes. Effectively, each load increment beyond the last convergent load step is now applied in two subincrements. Caution must be taken in interpreting these additional results since the structure now follows a slightly different loading path. The technique generated two more points beyond the last convergent load step, which clearly show an accelerated softening response. This nearly unstable behaviour is corroborated by the measured horizontal wall deflections growing indefinitely with time at a sustained surcharge intensity of q ¼ 80 kPa due to creep [21] .
Also shown in Figures 9 and 10 are the predictions obtained from mesh 3 using standard FE approximations, i.e., without strain enhancements. The early stages of loading show nearly the same deformation responses as those predicted by the FE solution with strain enhancements; however, the standard FE model continues to provide convergent and stable solutions even beyond the 80 kPa ultimate load. In other words, the standard FE solution did not correctly predict when the failure of this structure would occur, much less what the nature of the collapse mechanism would be. As noted earlier, this is due to the fact that the standard FE approximation is restricted by the requirement that the deformation be conforming, and thus cannot predict the failure load and the accompanying collapse mechanism. It is also very likely that the standard FE solution in the advanced stages of deformation may have been corrupted by spurious mesh sensitivities making any interpretation of the predicted mechanism practically worthless. These shortcomings of the standard FE solution are clearly addressed by the enhanced FE model.
RESULTS AND DISCUSSIONS
Observations of numerous different failed GRS test walls reported in the literature have permitted identification of important mechanisms like strain localization, load redistribution effects in reinforcements, load transfer to the wall facing foundation, and sagging of the soil mass with arching effects in reinforcements to have a significant impact on the performance of these walls up to failure. As mentioned before, these mechanisms are typically not accounted for in traditional limit equilibrium methods [38, 39, 45] . In this section, we report how some of these features are captured by the proposed FE model. Figure 11 shows a deformed FE mesh suggesting a concave upward shear band forming at the conclusion of the numerical simulation. Note that the shear band is allowed to propagate across the geogrid elements, which implies that the geogrid elements themselves must accommodate strain enhancements in the form of displacement jumps. Physically, this is a realistic proposition since the geogrids are so thin to have any significant shear stiffness, and since there is a significant area through and across the plane of the geogrids where the shear bands could possibly pass. The ability of the geogrid elements to accommodate a shear band is a critical component of the GRS wall FE model. Also shown in Figure 11 is the orientation of an internal failure surface observed after careful excavation of the backfill. The observed orientation closely matches the computed one near the pinned base of the wall, but steepens up near the ground surface to an almost vertical slope. This may be due to the fact that the active wedge formed behind the wall is not an elastic zone but instead is characterized by a region of high straining where secondary slip surfaces formed and coalesced to alter the general orientation of the primary shear band. The high strains present behind the wall contradict a conventional assumption in limit equilibrium analysis that the active wedge translates as a rigid body.
To elaborate the last sentence of the previous paragraph, Plate 1 and Figure 12 show contours of conforming octahedral shear strains (in decimals) developing behind the wall at the conclusion of the numerical simulation. Conforming strains are obtained directly from the calculated nodal displacements using the standard linear strain-displacement operator B: For standard finite elements, conforming strains represent the continuum strains in the elements, but for localized elements they must be added to the enhanced strains to obtain the total strains, which are singular on the slip surface. For both standard and enhanced FE solutions, the conforming octahedral shear strains appear very high near the wall-soil interface due to frictional effects on the back face of the wall; however, whereas the strains are diffuse everywhere in the standard solution, the enhanced solution show strain localization also developing on the shear band. The three-dimensional plot shows the conforming strains on the shear band to be lower than those in the elements directly behind the wall; however, it must be noted once again that these strains must be added to the enhanced part to obtain the total strains, which are infinite on the shear band. Plate 2 and Figure 13 show contours of conforming volumetric strains (expansion is positive) developing behind the wall with and without strain enhancements. Again, the soil elements tend to dilate as they shear against the back face of the wall, resulting in high volumetric strains near the wall. Elsewhere, however, the volumetric strains calculated by the standard FE solution show a diffuse pattern, whereas the enhanced solution shows strain localization also developing on the shear band. The volumetric strains developing on the geogrid levels resulted directly from interpolating the axial elongation of the geogrids, which are stiffer than the surrounding soil elements and therefore experience lower volumetric strains. Throughout the course of the numerical simulations many elements directly behind the wall have also satisfied the localization condition but have not been enhanced because they were not on the way of the primary shear band. Thus, the active wedge is not necessarily an intact zone but may be highly damaged by the presence of multiple shear bands. Plots of tensile strains in the geogrids are shown in Figure 14 . The measured values were taken at incipient soil failure prior to rupture of the topmost geogrid elements. Note that high tensile strains were measured nearer the wall. Caution must be taken in interpreting the numerical predictions relative to the measured strain values, since the initial conditions might not have been captured accurately by the numerical model. This is so because in reality soils behind the wall had been deposited in thin layers, whereas the numerical model did not simulate this complicated staged construction. Consequently, initial slacks and geometric irregularities in the geogrid configurations may have contributed to the equally irregular measured geogrid strain distributions. Nevertheless, the predicted axial strain distributions appear to be consistent with the measured values, with higher strain values also calculated near the wall.
The predicted and measured lateral wall deflections at the conclusion of the experiment (80 kPa surcharge loading) are shown in Figure 15 . All values were adjusted relative to the deformed profiles prior to the imposition of the very first surcharge load increment. The measured profiles exhibited strong time-dependence, with the soil creeping to failure until the geogrid ruptured after 338 h of sustained loading. As for the predictions, two walls with high and low flexural rigidities were tested, and the calculated wall deflection profiles are also shown in Figure 15 . Clearly, the profile exhibited by the rigid wall defines a straight line; however, even with a flexible wall the solution is unable to capture the arching or bowing of the wall near the pinned base. This is due to the lack of capability of the CST and linear quadrilateral finite elements to capture bending modes near the pinned base of the wall. In addition to the sidewall friction effect alluded to earlier, this factor also could have been responsible for the horizontal wall displacements slightly being overpredicted near the top (cf. Figures 9 and 10) , and for the geogrid tensile strains being underpredicted near the pinned base (cf. Figure 14) . Work is currently in progress aimed at developing more robust, higher-order elements (e.g., nine-noded Lagrangian elements) capable of capturing both bending modes and strongdiscontinuity strain enhancements for strain localization analysis. To the knowledge of the authors, only the CST elements have so far been used routinely in conjunction with the embedded strong discontinuity approach, although attempts to use enhanced four-node quadrilateral elements also have proved successful [16] [17] [18] . However, as in conventional FE analysis more tests are needed before any enhanced higher-order elements can be used routinely for solving strain localization problems.
SUMMARY AND CONCLUSIONS
We have presented a FE methodology for analysing shear and volumetric strain localization behind a GRS test wall. The solution is based on a recently developed embedded displacement discontinuity approach in which the strain interpolations in the localizing elements are enhanced following the satisfaction of a so-called localization condition. The paper highlights the deficiency of standard FE approximations in capturing strain localization effects and in predicting the failure load, in that it was unable to predict failure conditions because it lacked capability to resolve the intense deformations on the failure surface. In contrast, the proposed enhanced FE solutions predicted the ultimate load reasonably well, and captured the orientation of the primary shear band during the early stage of its development.
Results of the simulations suggest that the shear band initiated in soil elements near the pinned base of the test wall and propagated upward to the ground surface. However, this is not the only shear band possible. The active wedge is not necessarily an intact zone, contrary to a conventional assumption inherent in limit equilibrium-type analyses. Instead, this region is potentially a highly damaged zone where secondary shear bands are also likely to develop. Depending on the boundary and loading conditions, as well as on the material parameters, the primary shear band can initiate anywhere in the highly stressed zone of the structure. Accurate representation of all these factors is crucial to an accurate prediction of failure and near-failure behaviour of GRS walls.
As a more general result, the paper also highlights the potential fundamental inconsistencies with using the failure friction angle as the yield friction angle. Analyses have shown that at the failure friction angle it is possible for the non-associated Drucker-Prager, Lade-Duncan, and Matsuoka-Nakai plasticity models to define elastic regions that extend beyond the boundaries of the stable region, in which case ellipticity of the field equations is lost right at the moment of yielding. Because these plasticity models are typical of those used in practice, it would not be unreasonable to extrapolate this statement to other non-associated plasticity models as well, particularly those exhibiting a high degree of non-associativity. The assumption that the yield and failure friction angles are the same has been used traditionally to analyse collapse and nearcollapse conditions in conjunction with the standard FE method; this paper shows that such 'standard' analysis may be deficient due to an ill-posed boundary-value problem leading to spurious mesh sensitivities of the standard FE solutions.
